Abstract-We stu dy scalable routing f or a sensor network deployed in complicated 3D settings such as undergroun d tunnels in gas system or water system. The nodes are in general 3D space but they are very sparsely located and the network has complex topology. We propose a rout i ng scheme by first embedding the network on a surface with possibly non-zero genus. Then we compute a canonical hyperbolic metric of the embedded surface, and use geodesics to decompose the network into canonical components called pairs of 'pants' whose topology is simpler (with genus zero). The adjacency of the pants components is extracted as a h i gh level routing map and stored at every node.
INTRODUCTION
The development of wireless sensor network technology has enabled real-time, high resolution monitoring of environments that are otherwise difficult to access. Examples of such appli cations include coal mine monitoring [1], [2] , monitoring of buildings on fire and aiding fire fighters [3] , as well as generic monitoring in other underground tunnels used in water, sewer or gas systems [4] . In these scenarios, the sensors are deployed underground near or in the tunnels that are often long, narrow and have complex configurations. As a result, the nodes are not necessarily in a plane but are very sparsely located in 3D. The network has a complex shape and non-trivial topology, having possibly high genus (multiple handles), knots, etc. Our paper focuses on efficient and scalable routing solutions for sensor networks in this particular tunnel monitoring scenario.
A. Overview and Our Contribution
In this paper we use graph embedding for routing in a high genus 3D sensor network. Our scheme does not require node location and we produce a set of virtual coordinates for each node, which, together with some compact auxiliary data structure, support local, greedy routing with delivery guarantee. Here we give a quick overview of our approach.
We take the connectivity graph as the input and embed it on a general surface. Any graph can be embedded on a surface with possibly high genus. For example, K3 , 3, a bipartite graph with 6 vertices, cannot be embedded in the plane without edge crossings but can be embedded on a torus (genus-one surface). To enable efficient routing on a general surface, we employ the same general idea as in Glider [5] . We first compute a hyperbolic metric on the surface and by using geodesic paths we will decompose the surface into pieces with simple topolo gies, in particular genus-O pieces called 'pants' (Figure 2) . Each pair of pants has three boundaries and is adjacent to at least one other pair of pants. Each pair of pants can be further partitioned into two hexagonal pieces. Each such piece is embedded in a hyperbolic plane such that each node in it is given a virtual coordinate, used for routing within a piece. See Figure I (a) for an example of the pants decomposition on a triple donut. The number of pants is one more than the genus of the surface, and the number of pieces are twice of the pants.
The adjacency among pieces are recorded as a graph G.
To route from a source p to a destination q (Figure lea) ), one will first consult the adjacency graph G to find a (shortest) sequence of pieces to cross, denoted as PI, P2, .. . ,Pk. Then use the hyperbolic coordinates to greedily route the message across each piece in this sequence, or towards the destination if the message is already in the same piece as the destination. To enable such greedy routing, our hyperbolic embedding has the property that each piece can be flattened as a convex polygon in the hyperbolic plane, thus the greedy routing is guaranteed The embedding in hyperbolic plane and the greedy paths through the pieces. to arrive. See Figure 3 . These altogether lead to the guaranteed delivery of the messages.
B. Review of Existing Routing Schemes
There has been numerous work on scalable routing in wireless sensor networks. Below we focus on the schemes that are most relevant to our work.
Geographical Routing in 3D. The traditional geographical routing [6] , [7] is only for 2D networks. Geographical routing in 3D is strictly harder as it is shown that in 3D unit ball network there does not exist a deterministic algorithm that can guarantee delivery with only constant state [8] .
While geographical greedy routing works well on dense networks [9] in 3D, it again fails at a local minimum. Random walk can be used [10] . It is simple and stateless. But random walk is blind and has difficulty finding narrow bridges. Alter natively, in [11], [12] , the network is projected to 2D and then face routing is adopted. But due to the distortion introduced by the projection, face routing doesn' t guarantee delivery in the original 3D network. Zhou et. al. [13] uses hull trees to route the packet around the void, an idea first proposed for routing in 2D networks [14] . In the worst case routing with the hull tree boils down to depth first search and thus has guaranteed delivery. But the routing path could be long and the storage in a node can be large (if the convex hull of the descendants is complicated). Of most relevance to our scheme is the one proposed by Zhang et. al. [15] . The method defines a rotation system, i.e., a fixed cyclic ordering of the edges on each vertex, which implicitly determines the faces of the graph embedded on a high genus surface. At a local minimum, the message starts to traverse one face at this node. But what is missing here is that one may need to traverse multiple faces to find the destination and how to switch to an adjacent face is unclear. As a result, depth first search is used to determine the faces visited. In comparison, we are able to avoid blind depth first search and our non-trivial network segmentation provides guidance to the destinations.
Last we remark that geographical routing doesn't apply to our setting since we do not necessarily have node locations.
Routing with Virtual Coordinates. There is also a family of algorithms that use virtual coordinates for 3D networks.
In [16] , the authors assume a dense 3D volumetric network, represented by unit tetrahedron cell mesh. We cannot apply this algorithm in our setting since it requires a very dense network and the nice tetrahedron mesh, both are not available in our case.
A number of recent work use network embedded in hy perbolic spaces. In particular, any tree can be embedded in in the hyperbolic space such that greedy routing guarantees delivery [17] For a 2D network in a multi-hole domain, one can find a hyperbolic embedding in the universal covering space such that paths of different homotopy types can be found by greedy routing [18] . We consider this paper as further study in the same direction. What is new in this paper is that we generalize graph embedding for any graph, not just trees or a multi-hole domain.
Last, landmark-based routing methods (such as [5] ) are not restricted to the dimensionality of the network. But their performance is critically dependant on how landmarks are selected and how to define the potential function, for which little is known for a 3D setting.
To summarize, we propose a routing scheme that is partic ularly interesting for a 3D network with complex topology.
• Location-free. Our method does not require node location information.
• Generic. Our method works for any general graphs. We do not require any special properties such as being a planar graph, a tetrahedron mesh, simplicial complex, etc.
• Storage effi ciency. The storage per node is dependant on the genus of the sUlface embedding. Thus the virtual coor dinates and storage complexity is intrinsically connected to the true topological property of the connectivity graph.
• Distributed computation. The major steps of computing the virtual coordinates can be carried out by distributed algorithms. The routing algorithm only uses information locally stored on the current node.
II. THEORETIC FOUNDATIONS
In this section, we briefly introduce the theoretic back ground necessary for the current work. Our work is based on two major theorems in the literature: (1) any graph can be embedded on a topological surface; (2) the embedding topological surface has a essentially unique Riemannian metric with constant curvature.
A. Graph Embedding on a Topological Surface
Suppose G is a graph, with a vertex set V = {VI, V2, ... , vn} and edge set E = {e1' e2, ... , em}, then G can be realized on a topological surface without edge crossings. In the following, we describe a simple method to construct the embedding surface 2:. In fact, the vertex set of 2: is exact the vertex set V of G, the edge set of 2: is the edge set E of G. By repeating this halfedge tracing procedure, we can exhaust all faces of the embedding surface.
Hence, a rotation system II determines an embedding sur face of G, denoted as Gn. We remark that the same scheme was also used in [15] .
The genus of a graph G is the minimal genus of its embed ding surfaces, genus( G) := minn genus( Gn). Unfortunately it is a NP-hard problem to find the embedding surface with the minimal genus [19] .
B. Canonical Riemannian Metric on Embedding Surface
Given a connected graph G, a rotation system II determines an embedding surface Gn, if Gn is quasi-planar (see definition below), then a canonical Riemannian metric can be assigned to it, which induces constant Gaussian curvature. 2) genus( Gn) = 1, then there exists a Euclidean circle packing metric of Gn, such that the Gaussian curvature is 0 everywhere, two such circle packing metrics differ by a scaling.
3) genus(Gn) > 1, then there exists a hyperbolic circle packing metric of Gn, such that the Gaussian curvature is -1 everywhere. The metric is unique.
C. Pants Decomposition
A surface with complicated topology can be decompose to pairs of pants. If the surface is with a hyperbolic metric (K == -1), then each homotopy class has a unique geodesic loop, therefore we can choose the cuts as the geodesics.
Lemma 2.3: If a complete surface is with a metric, such that the Gaussian curvture is negative everywhere, then each homotopy class has a unique geodesic loop.
Furthermore, suppose P is a pair of pants with hyperbolic metric, three boundaries {/'1, /'2, /'3} are geodesics, then we can find three geodesics {7], 72, 73}, such that 7i is the shortest path connecting /'j, /'k, 7i is orthogonal to /'j and �(k. These 7/S divide the pair of pants to two congruent hyperbolic hexagons.
D. Hyperbolic Embedding
In the current work, we use Poincare's disk model for the two dimensional hyperbolic space JHI 2 
A. Computing Topological Embedding Surface

1) Initial Embedding Surface: following the construction in
Section II, we randomly choose a rotation system II, to obtain the initial embedding surface Grr.
2) Optimizing the genus : we first find a special subset of vertices n, such that V i E n if and only if that there exists a face f of Grr, such that V i appears in f for multiple times. Then we apply genetic algorithm to change the cyclic order of all vertices in n . In our experiments the genus can be reduced to be one third of the initial value.
B. Computing Canonical Riemannian Metric
If genus(Grr) = 0, the algorithm is described in [20] . If genus(Grr) = 1, we use Euclidean discrete Ricci flow:
3) Initialize all the vertex circle and face circle radii as 1, all edge circle radii as O.
4)
For each triangle face, as show in Fig 6 (a) 2) Obtain the cut graph C := {e E Die t/. 1) Choose n vertices consecutively on "/, denote them as {P Q ,P1,P2,'" ,Pn -1}, which divided "/ to curve segments "/k'S, "/k starts from P k, ends at P k+1, where indices are modulo n.
2) For each curve segment "/k, embed its neighborhood isometrically on the Poincare's disk using the method similar to [18] .
3) Compute a hyperbolic geodesic segment "/�: connecting P k and PHI . Replace "/k by the geodesic segment ,,/� . 4) Choose the middle point of ,,/� , denoted as qk, then treat {q Q , qk, .. . ,qn} as segmenting vertices, repeat step 1 through step 3. 5) Repeat the above operations, until the whole converges.
Each pair of pants are with hyperbolic metric, and all 3 boundaries are geodesics. We can further decompose each pair of pants to 2 congruent hyperbolic hexagons ( Figure 2 ).
Suppose the boundaries of a pair of pants P are {"/1, "/2, "/3}, we can find the shortest paths connecting each two of them using the above curve shortening method. Suppose we want to find T3 which is the shortest path between "/1 and "/2, 1) Find an arbitrary curve path connection "/1 and "/2, denote it as T3.
2) Get a copy of P, reverse its orientation, denote it as P.
Then the path corresponding to T3 on P is 73.
3) Glue P and P along corresponding boundaries, to get a symmetric genus two surface P, which is called the double covering of P.
T3 U 73 is a loop on the double covering. Using curve shortening to deform it to a geodesic.
5)
The portion of the geodesic on P is the desired shortest path connecting "/1 and "/2. Similarly, we can compute T1 and T2. Then we cut the pair of pants along {T1' T2, T3} to get two hyperbolic hexagons.
D. Routing Algorithm
The routing algorithm has two stages. In stage one, routing is performed among pant pieces. In stage two, the routing is carried out within one pant piece. Each sensor node has the following information:
• Adjacency graph of pant pieces, the pant piece ID and virtual coordinates of itself in the pant piece.
• The boundaries between its own and the adjacent piece, and the hyperbolic distance from itself to boundaries.
The Adjacency graph of pant pieces is propagated to all the sensors. So each sensor node can compute the shortest path on this high level graph between any two pieces.
To compute the hyperbolic distance between a point P in JH[ 2 to a boundary "/. We can compute its circle center c. The ray from the origin to c intersect "/ at a point q, then we use Mobius transformation ¢ : z -+ {�ij� to map "/ to a diameter of the unit circle. The hyperbolic distance from P to the hyperbolic 
IV. SIMULAT IONS
We ran simulations of our high-genus routing method and compared it with face tracing [15] , shortest path and geograph ical greedy routing. We carried out several experiments on delivery rate and delivery path length. Our observations are the following:
• Our method has 100% delivery rate without using node locations and has a similar path length to shortest path.
• Face tracing can guarantee message delivery but its average delivery path length is usually twice or three times longer.
• Geographical greedy routing has a poor delivery rate (below 40%) due to the complex topology of the network.
TABLE I AVERAGE PATH LENGTH.
In each experiment, we use two networks. The first one is a 3-hole torus with 12000 sensors and unit ball graphs.
After genus optimization we got a genus 3 graph, show in the Fig I(a) . The other one is an underground pipe network with 26000 nodes and unit ball graphs, shown in Fig l(b) . This graph finally has genus 4 after optimization. We tried 500 routing requests with random sources and destinations. Ta ble I shows the average routing path length. Fig 7 shows the histograms of high-genus method and face routing. Fig lea) also shows one routing path from sensor node P to Q. Future Work. Ideally we would like to find the surface em bedding with minimum genus but unfortunately this problem is NP-hard and our heuristic method does not yet have any guarantee. This is a direction that we plan to investigate further in the follow up work.
